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Abstract The aim of this study is to investigate the energy-momentum distributions of
texture and monopole topological defects metrics in general relativity (GR). For this
aim Einstein, Bergmann-Thomson, Landau-Lifshitz (LL), Mgller and Papapetrou energy-
momentum densities have been used in general relativity theory. We obtained that (i) for
the texture metric only Einstein and Bergmann-Thomson energy densities give the same
results but the others energy and momentum densities do not provide the same results in
GR; (ii) for the monopole metric, while Einstein, Bergmann-Thomson and Papapetrou en-
ergy and momentum densities are giving the same energy-momentum results, Mgller and
Landau-Lifshitz densities do not give the same energy results with the other definitions
in GR.

Keywords Texture - Monopole - Energy-momentum density

1 Introduction

In the various gravitation theories like as general relativity and the tetrad theory of grav-
ity (teleparallel gravity) some researchers considered energy-momentum problem for dif-
ferent models. This topic is still important question in the gravitation theories. First study
about energy-momentum localization has been madden by Einstein [1]. After Einstein, var-
ious authors have represented energy-momentum distributions for example Tolman [2],
Papapetrou [3], Landau-Liftshitz [4], Bergmann-Thomson [5], Mgller [6], Weinberg [7]
also the teleparallel gravity (TG) versions of the Mgller [8], Einstein, Landau-Lifshitz
and Bergmann-Thomson prescriptions [9, 10]. According to Virbhadra; except the Mgller
energy-momentum definition, other energy-momentum complexes give the expressive solu-
tions when we transform the space-time metric into the quasi-Cartesian coordinates [10] also
Mgller energy and momentum complex can calculation in any coordinate system [10-12].
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Various authors have tried to purpose energy-momentum problem using the different metrics
and different energy-momentum distributions and they obtained some interesting results in
general relativity and teleparallel gravity [10, 13—22]. According to Xulu [23] Virbhadra and
his collaborators have showed that different energy-momentum complexes give same and
reasonable results for a given space-time [10, 24-26]. Radinschi [27] using the energy mo-
mentum complexes of Tolman, Bergmann-Thomson, Mgller, Einstein, Landau-Lifshitz in
general relativity, showed that total energy is zero everywhere. Xulu [23, 28] has discussed
Einstein and Mgller energy-momentum definitions for the spherically non-static symmetric
metric and obtained different results for this model. Also, Xulu [21] investigated Weinberg,
Papapetrou and Landau-Lifshitz energy-momentum definitions in Bianchi I model and he
found that the total energy is zero everywhere for this model also, this study agrees with
the study of Banerjee-Sen. Aygiin and Yilmaz [29] have investigated the topological defect
metrics i.e monopoles and textures using the Mgller energy distribution in spherically co-
ordinates for general relativity and teleparallel gravity and they found zero energy densities
for these metrics.

The layout of the paper is as follows. In Sect. 2, we introduce the textures and the trans-
formation of this metric. Then we give the energy-momentum definitions of the Einstein,
Bergmann-Thomson, Landau-Lifshitz, Mgller and Papapetrou in general theory of relativity
and related calculations. In Sect. 3, we introduce the monopoles and the transformation of
this metric. Then we have calculated of the Einstein, Bergmann-Thomson, Landau-Lifshitz,
Mgller and Papapetrou energy-momentum distributions of monopole in general theory of
relativity. Finally, we summarize and discuss our results. Throughout this paper all indices
run 0 to 3.

2 Some Energy Momentum Distributions of Textures in GR

The texture metric is given by [30]
ds? = —dt* + dr? + r*(1 + m)[d6* + sin® 0d $p?) 1)

where m is the function of r and ¢ only. It is well known that the energy-momentum com-
plexes give meaningful results if calculations are performed in quasi-Cartesian coordinates
[31]. The line element in (1) can be transformed to quasi-Cartesian coordinates:

2 2 2 2 2 2
it = —di " +m(§ +2) a7 +m()2c ) 4y
r r
r? 4+ m(x?+y? 2m
" %43 — 3 (eydxdy + xzdxdz + yzdydz) @

where the coordinates r, 6, ¢, t in (1) and x, y, z, ¢ are related through

r=+/x%+y?+ 272, 9:arccos(ﬁ)
VXT+ Ytz
Y 3)
¢:arctan(z>, t=t
X

In this section, we will calculate the Einstein, Bergmann-Thomson, LL, Mgller and Pa-
papetrou energy-momentum distributions in GR for the texture metric, respectively.
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(1) Einstein Energy Momentum Distribution of Texture Metric: The Einstein energy-
momentum complex [1] is given by

1
k kl
P= — 4
§; 167 Xil )

where the Einstein’s superpotential Xikl is of the form

kl __

Xi «/_

§8 and §2 are the energy and momentum density components. To obtain energy and
momentum densities in Einstein’s complex associated with the space-time in (2), we
evaluate the required components of X,-k] (5) as following

kn lm ln km)]

m &)

o m;(x2 +7r?) 0o o1 Xym; 03 Xzmy
A= 72 ’ =72 = a2 X = P2
oz_mt(y2+r2) 03 __ 02 _ Yyim; 03_mr(22+r2)
2 = r2 ’ 2 T A3 — }’2 ’ 3 = }"2
or _ 2x(m 4+ 1)(m 4 xm,) 4+ x(ymy +zm)2m + 1) +m,(y* 4 2°)
Xo = (6)
(m+ Dr?
0 2y(m+1)(m+ymy) + y(xm, +zm)(2m + 1) + my(z2 +x?)
Xo = (m+ 1)r?
03 22(m+1)(m +zm) 4+ z(ymy +xm)2m + 1) + m (x> +y?)
Xo = 7
(m+ Dr

Here x,y,z,t indices represent the first derivatives of x,y,z,t, respectively. Using these
components in (4), we get the Einstein energy and momentum densities for texture
metric as following

1
§0 = m{m“ @x m +2x*m? + y2m + 22m + r? + x?)

+ m”,(4y2m +2y2m? + x2m 4 Pm 4 r? +y?)

+m., (42%m 4+ 222m* + XPm 4+ yim +rt 4+ )

+ m,(10mx + 4x + 6xm?® + 2xymy +2xzm; — m,z> — mxyz)
+m,(10my + 4y + 6ym*+2yzm, — myz2 — m_vxz)

+m,(10mz + 4z + 6zm* — m.x* — m.y*) + (2 + 4m> + 6m) 7
X (zymy, + x2my; + xymyy,) +2m(1 4 2m + m?)}

1
§=—> = {mm(r +x%) 4+ x@2m, + zmy + ymy,)}

1
§)=—— = {my,(r + 35+ yQ@m, +zmy + xmy,)}

X 1
§9=—— = {mzt(r +2%) +z2Qm, + ymy, 4+ xm,)}
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(ii) Bergmann-Thomson Energy Momentum Distribution of Texture Metric: The energy-
momentum complex of Bergmann-Thomson is given by [5]

Euv — yrave 8
16w ¢ ®

where
H,uva — g;/,ﬂ V;a (9)

with
Vva _ _Votv _ gﬁé [_ ( vé€ jap _ af v,o)] (10)
g = Vg = Ner 888 88 o

here Eg is the energy density, & 3 are the momentum density components, and & are

the components of the energy current density. To obtain energy and momentum densi-
ties in Bergmann-Thomson’s complex associated with the texture metric, we evaluate
the required components of I7#"* (9) as following

70 — m; (x> + 1 + 2mx?) Hmz:xym[(Zm—i-l)
r2(m+1) ' r2(m+1)
7103 — 701 — xzm,(2m +1) 200 _ m,(y? +r* + 2my?)
rPm+1) r2(m + 1)
H203 — H302 — ysz(zm + 1) H303 _ n; (Zz + }"2 + 2m12)
rZ(m+1) ’ r2(m+1) an
7% — _mx(x2 +7r?) +x(ymy +zm)Cm + 1) + 2xm(m + 1 + xm,)
B r2(1+m)
792 — _my(y2 +r3) 4+ y(xm, +zm)2m + 1)+ 2ym(m + 1 4+ ym,)
B r2(1+ m)
703 — _my (22 + 1) + z(xemy + ymy) (2m + 1) + 2zm(m + 1 + zm.)
r2(1 +m)

Using these components in (8), we get the Bergmann-Thomson energy and momentum
densities for texture metric as following

1
(? = m{mx,r(4x2m +2x2m2 +y2m +Z2m +I’2 +x2)

+ myy(4y2m +2y?m? + x*m+ 22m+ P+ yY)

(1]

+m..(42°m +22°m? + xX°m + y*m +r* + %)

+m,(10mx + 4x + 6xm> + 2xymy +2xzm; — myz> — mxyz)
+my,(10my +4y + 6ym? +2yzm, — myz2 — myxz)
+m_(10mz 4 4z + 6zm®> — m_x* — m_y*) + (2 + 4m> + 6m)
X (zymy, + xzmy; +xymyy) +2m(1 4+ 2m + m?)}

(12)

1
= Tomrra (o (7 DO O 25 2 Gy - 2me)

4]

—o

—mem, (y* +2°) + xm,(zm + ym, + 2 + 2m)}
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(iii)

ES = m{('n + 1)("1)::(?2 + v + y(xny, + ymy)
—mym, (x> 4+ 2%) + ym, (xm, + zm, + 2 + 2m)}
g9 = {m 4+ 1) (m (r* 4+ 22) + z(xmy, + ymy,))

16772(1 +m)
—mom, (x* + y?) + zm, (xmy + ymy + 2+ 2m)}

Landau-Lifshitz Energy Momentum Distribution of Texture Metric: The energy-
momentum complex of Landau-Lifshitz [4] is given by

=

=—7r" 13
167 Kl (13

where T/ with symmetries of the Riemann tensor and is defined by
T = —g(g"g" —g"g"Y) (14)

The quantity L‘,g represents the energy density and £0 represents the components of the
total momentum density. In order to evaluate the energy and momentum densities in
Landau-Lifshitz’s prescription associated with the texture metric (2), we evaluate the
required components of Y/ (14);

(mx?+rHm+1)
2
Y1002 _ _4p0102 _ mxy(m+1)
2
P

TlOlO — _TIOOI —

2003 _ 3002 _ My2m £ 1)
2

' (15)
1003 _ 43001 _ mxz(n; +D
,
Y2002 _ (my2 +r2)(m +1)
= .
73003 _ (mz> +r>)(m+1)
= =

Using these components in (13), we get the LL energy and momentum densities for
texture as following,

1
Lg = ——{my, (x2 +r24 2x2m) + myy(y2 +rr+ 2y2m)
16772

+mo (2 47 422 m) + (4m 4 2) (xymy + yamy + x2m.;)
+2xmy(4m +2 4+ xmy) + 2ym,(4m + 2 + ym,)
+2zm (4m + 2+ zm;) +4(yzmym, + xymmy + xzmym;) + 2m}

1
'C(l) = m{(m + 1)(r2mxl +x2mxl +xymy1 +.mezl) (16)

+ 2xm; (xmy + ym, +zm; +2m + 1)}
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1
£3 = 15+ D)0 my + Yy + xyme + yams)

+2ym, (xmy + ymy, + zm; +2m + 1)}
1
L3 = ——{(m + 1) Pmy + my + xzmy + yzm,)
16772

+ 2zm,(xmy + ymy + zm, +2m + 1)}

(iv) Moyller Energy Momentum of Texture: The energy-momentum complex of Mgller [6] is
given by
M’ = ! A 17
g e a7

. . v
where the antisymmetric super-potential ;" is

M= =gl8upy — 8ur.p18"" 8" (18)

and Mg is the energy density and Mg are the momentum density components. Using
the metric in (2), we have found the required components of A, (18);

;01 m(y* +2%)
1 = 1’2
50 m; (x> +z%)
2 — )
03 _ 401 _ X2
)\.1 == )\.31 = —2 (19)
r
03 02 __ Y2y
Ay =43 = =
303 = _mt(y2 "f‘xz) 5,02 xyni;
3 = r2 ’ | I"2

Using these components in (17), we get the Mgller energy and momentum densities for
texture metric as following,

M) =0
o_ L x(ymy +zmy +2m) —mu(y* +2°)
17 8 r?
0 I y(xmy +zmy +2m;) — myt(xz + Zz) (20)
M= —
& r?

0 1 Z(xmxt+ymyr+2mt) —mzt(x2+y2)
M3 =—
87 r2
(v) Papapetrou Energy Momentum Distributing of Texture Metric: The energy-momentum
complex of Papapetrou is given by [3]

1
DW= — NP 21
16m @l
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where

NP = [=g(g"' 0™ — g"“n'f + gy — g ) (22)

X0 is the energy density, 23 are the momentum density components, and X are
the components of energy current density. Using the line element (2), we have found
the required components of N*"*# (22);

2r2 4+ 2mx? 4+ my2 +mz?

N1010 — _ pj0011 :

r

N2020 _ _ pj0022 _ 2r% + mx? + 2my* + mz?
2

2r2 4+ mx? 4+ my* + 2mz?

N3030 — _ p0033 _
r? (23)
N1020 _ p2010 _ _ ps0012 _ XV
2
.
xzm
1030 _ A73010 _ _ a70013 _
N7 =N"=-N""= P

N3020 _ ym
==

Using these components in (21) we have obtained Papapetrou energy-momentum
distribution for texture metric:

1
Z"(()) = W{mxx(rz +x2) +myy(r2 +y2) +mzz(r2 +Z2)

+2(xymyy + xzmy, + yzmy, +m) +4(xm, + ymy +zm;)}
my (2 +r2+m(y*+20) + (1 — m)x(ymy, + zmy,) + 2xm,

30 =
: 16772 (24)
30 myt(yz +r2+m® 4 2°) + (1 —m)y@my + zmy) 4+ 2ym,
2 16mr?
50 _ my (22 +ri+mx? 4+ y?) + (1 — m)z(xmy, + ymy,) + 2zm,
0=
16772

3 Some Energy Momentum Distributions of Monopoles in GR

The monopole metric is given by [30],

ds* = —di* + dr* + r*(1 — 87 Gn?)[d6? + sin® 0dp?] (25)
where 7 is a positive constant and describes the scale of symmetry breaking [30]. We obtain
that the monopole metric in Cartesian coordinates with using (3) as follows,

(r? =AY’ +22)dx* | (P = A® 4 2%))dy?
2 + 2
r r
(r* = A(* 4 yH)dz?
+ P

ds* = —di* +

2A
+ r—z(xydxdy + xzdxdz + yzdydz) (26)
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Here A = 87w Gn?. In this section, we will calculate the Einstein, Bergmann-Thomson,
LL, Mgller and Papapetrou energy-momentum distributions in GR for the monopole metric.

(i) Einstein Energy Momentum Distribution of Monopole Metric:
In order to calculate the energy and momentum densities in Einstein’s complex as-
sociated with the monopole in (26), we evaluate the required components of x,-k’ (5) as
following

16w Gn’x 16w Gny 16mGn’z
XOI — X02= — 7 X03= . (27)

0 r2 ’ 0 72 0

Using these components in (4), we get the Einstein energy and momentum densities
for monopole metric as follows
Gn?

r? (28)
§1=§=0=§=0

§o=

(i) Bergmann-Thomson Energy Momentum Distribution of Monopole Metric:
In order to calculate the energy and momentum densities in Bergmann-Thomson’s
complex associated with the monopole metric, we evaluate the required components of
I7*"* (9) as follows

701 _ _ 16w Gn’x 700 _ 16w Gny
2 ’ - 2
r r 29)
790 _ 167 Gn*z
=——
r

Using these components in (8), we get the Bergmann-Thomson energy and momentum
densities for monopole metric as follows

2
'.:")_G’7
S0 = a7
r (30)
E)=E)=E)=0

(iii) Landau-Lifshitz Energy Momentum Distribution of Monopole Metric:
In order to evaluate the energy and momentum densities in Landau-Lifshitz’s pre-
scription associated with the monopole metric (26), we evaluate the required compo-
nents of Y/ (14);

8t Gn’xy(8wGn? —1)

TlOOZ — TZOOI — _TOIOZ —

2
71003 _ 92003 _ 43001 _ 87TG772)CZ(8277G772 -1
r
3002 _ 40203 _ 87TG772)’Z(827TG772 - 1) 31)
r
71003 _ 3001 _ mxz(m + 1)
2
0202 _ r? =81 Gn*y>)(B8rGn?> — 1)
= =
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Using these components in (13), we get the LL energy and momentum densities for
monopole metric as follows,

Gn*8nGn® —1)

r? (32)
L9=1£=r=0

Ly=

(iv) Mgller Energy Momentum Distribution for Monopole Metric:
Using the metric in (26), we have found the required components of A)* are zero
and we get the Mgller energy and momentum densities for monopole as follows,
My =0
(33)
M) =M)=M)=0

(v) Papapetrou Energy Momentum Distribution of Monopole Metric:
Using the line element (26), we have found the required components of N*"*# (22);

N1010 87 Gi’xy — _p0o12
2

N2030 _ p/3020 _ 87Gn’yz — _N0012

2
(34)
oo 2rt —8wGn*(r’ +y?)
N%22 .
8t Gnyz

NOO23 _

Using these components in (21) we obtain Papapetrou energy-momentum distribution
for monopole metric,

an
r? (35)
W=52=5)=0

5=

Also all energy-momentum densities for monopole metric can be seen in Table 1.

4 Discussion

In this study we have used the some of the topological defects metrics namely texture and
monopole and calculated the energy-momentum densities of these metrics by using the some
well-known definitions of the Einstein, Bergmann-Thomson, Landau-Lifshitz, Mgller and
Papapetrou definitions in GR theory. For this purpose, firstly we have transformed the tex-
ture and monopole metrics to Cartesian from spherical coordinates. Because the energy-
momentum complexes (Einstein, Bergmann-Thomson, Tolman, Papapetrou, LL, Weinberg,
Goldberg, Quadir-Sharif) give meaningful results when we transform the line element in
quasi-Cartesian coordinates [10]. In this paper we have found that Einstein, Bergmann-
Thomson, LL, Papapetrou energy-momentum distributions and the Mgller momentum den-
sities are well defined and different from zero except the Mgller energy density (Mg =0)
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Table 1 The energy and

momentum densities for Prescription Energy density Momentum density
monopole metric )
Berg.-Thoms. 5=Y g)=5)=5)=0
Einstein §0= G,—gz 0=89=¢)=0
Papapetrou 28 = Gr—'f E? = Z‘g = }:g =0
Landau-Lifs. Eg = % E(l) = Eg = l:g =0
Mgller My =0 MY=m)=M)=0

for texture metric. Also Einstein and Bergmann-Thomson energy definitions are the same.
These results are agree with the results of the Aygiin and Yilmaz [29]. They have investigated
the Mgller energy complexes of monopoles and textures in general relativity and teleparallel
(the tetrad theory of gravity) gravity and found that although Mgller energy definitions in
GR and teleparallel gravity are different, energy distribution is the same and zero in both of
these different gravitation theories in spherical coordinates. From these results, we can see
that again the energy and momentum complex of Mgller gives the possibility to perform the
any coordinate system.

Although the energy momentum definitions for texture metric give different results, we
found that same and acceptable results using the Einstein, Bergmann-Thomson and Papa-
petrou energy momentum definitions for monopole metric. However Landau-Lifshitz def-
inition do not give the same result with these definitions and we found the Mgller energy
and momentum densities are zero like the previous work [29]. Also all momentum densities
of the definitions are same and zero for monopole metric. We see that the 1 constant has
a important role on the energy distributions for monopole metric in GR. If we take > =0
in (26), we obtain Minkowski metric from monopole metric and using this condition and
from (28), (30), (32), (33) and (35) we evaluate Einstein, Bergmann-Thomson, LL, Mgller
and Papapetrou energy-momentum distributions are zero for Minkowski metric as folllows;

0 _ =0 _ 0 _p0 _ g0 _ _
0, =80, =50 =£5 =M% =0, «=0,123

Here lower indice M represents the Minkowski space-time. These results are agree with
the previous results.
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